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Let S be a Noetherian scheme and pix X → S be a flat morphism of finite type.
Then pi is said to be differentially homogeneous when X ×S X is normally flat along
the diagonal. Examples of these morphisms are smooth morphisms and finite field
extensions. We study here different characterizations and properties of differentially
homogeneous morphisms, and finally obtain the local structure of these morphisms.
© 1999 Academic Press
INTRODUCTION
Let S be a connected Noetherian scheme and pix X → S be a flat mor-
phism of finite type. Then pi is said to be differentially homogeneous when
X ×S X is normally flat along the diagonal, i.e., when G1X =
L∞
i=0 1
i
X/1
i+1
X
(where 1X is the ideal of the diagonal in X ×S X) is a flat OX -algebra.
Smooth morphisms and finite field extensions are differentially homoge-
neous morphisms.
We prove that differentially homogeneous morphisms are complete in-
tersections and if the characteristic of S is not prime, they are smooth
morphisms.
Let us now suppose that the characteristic of S is a prime number p > 0.
If B is an A-algebra, we denote by Bp
n
the A-subalgebra of B generated
by bp
n
, b ∈ B. We denote by Xpn the S-scheme with underlying topological
space X and structural sheaf Op
n
X . We resume the main results of Section 2
in the following theorem:
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Theorem.
— X → S is differentially homogeneous if and only if 1Xpr /S is a flat
OXpr -module for any r ≥ 0.
— X → S is differentially homogeneous if so are its fibres over S and
the morphism X → Xpr is flat for any r ≥ 0.
— If pix X → S is a differentially homogeneous morphism, then Xpn →
S is a smooth morphism for n 0.
The local structure of smooth morphisms is well known [1, I Sect. 4.4] and
there is a structure theorem for purely inseparable finite field extensions
[6]. Pauer [5] generalized this theorem for finite A-algebras B such that
Bp
n = A and the Bpi -modules 1
Bpi /k
are flat for any exponent i. These
results are included in our theorem on the local structure of differentially
homogeneous morphisms, generalizing Pauer’s theorem to morphisms of
finite type. For example, this theorem may be applied to obtain the local
structure (for the Zariski topology) of algebraic groups over a field or, in
general, of homogeneous schemes under the action of an algebraic group,
since they are differentially homogeneous over the base field (see [7]).
Theorem. pix X → S is a differentially homogeneous morphism ⇔ . For
any x ∈ X there are open affine neighbourhoods Ux = SpecB of x and
U ′s = SpecA of s = pix ∈ S, such that piUx ⊆ U ′s and there exists a
chain B0 ⊂ B1 ⊂ · · · ⊂ Bn = B, where B0 is a smooth A-algebra and Bi+1 =
Bix/xpei − bi, for some bi ∈ Bp
ei
i .
In particular: pix X → S is a differentially homogeneous morphism ⇔ .
For any x ∈ X there are open affine neighbourhoods Ux = SpecB of x and
U ′s = SpecA of s = pix ∈ S, such that piUx ⊆ U ′s and
B = Ax1; : : : ; xm; : : : ; xn/
(
P1x1; : : : ; xm; : : : ; Prx1; : : : ; xm;
x
pem+1
m+1 +Qm+1xp
em+1
1 ; : : : ; x
pem+1
m ; : : : ;
xp
en
n +Qnxp
en
1 ; : : : ; x
pen
n−1

;
where the ideal of B generated by the r × r-minors of the matrix ∂Pi/∂xj is
the unit ideal.
In general, it is not true that the composition of a smooth morphism and
a differentially homogeneous morphism is differentially homogeneous, the
condition bi ∈ Bp
ei
i of the theorem being necessary.
Finally, as a consequence of this theorem, we prove that differentially
homogeneous morphisms have differentially homogeneous quasi-finite sec-
tions (see 3.5).
differentially homogeneous schemes 281
0. PRELIMINARIES: pTH POWERS AND MODULES OF JETS
In this section k will denote a Noetherian ring of prime characteristic p
and A will be a k-algebra of finite type.
Definition 0.1. The pth power Ap of A is the k-subalgebra Ap gen-
erated by all the elements ap, where a ∈ A. When the base ring k must be
specified, we set k ·Ap instead of Ap.
Proposition 0.2. pth powers have the following properties:
(a) pth powers commute with localizations: If S is a multiplicatively
closed system in A and Sp = spx s ∈ S, then we have
ASp = ApSp :
(b) pth powers commute with base changes: If k→ K or Ap → A is
a flat morphism, then we have
Ap
O
k
K =

A
O
k
K
p
:
(c) Ap ↪→ A is a finite morphism.
(d) The map SpecA→ SpecAp is a homeomorphism.
Let O = kξ1; : : : ; ξn be a quotient of kx1; : : : ; xn, so that O is a
separated complete ring with respect to the ideal ˝ = ξ1; : : : ; ξn.
Definition 0.3. The pth power of O is defined to be the k-subalgebra
Op = kξp1 ; : : : ; ξpn  of O, i.e., Op is the image of kxp1 ; : : : ; xpn  by the
epimorphism kx1; : : : ; xn → O; xi → ξi.
Note that Op is complete for the ˝p = ξp1 ; : : : ; ξpn -adic topology, since
it is a quotient of kxp1 ; : : : ; xpn , which is complete. Op is separated be-
cause
T
n ˝
n
p ⊆
T
n ˝
n = 0, so that Tn ˝np = 0. Moreover, O is a finite
Op-module because kx1; : : : ; xn is a finite kxp1 ; : : : ; xpn -module.
Lemma 0.4. The ˝p-adic filtration of Op is equivalent to the filtration
˝ ∩ Op induced by the ˝-adic filtration of O.
Proof. First note that the ˝p-adic filtration of O is equivalent to the ˝-
adic filtration, because ˝p · O ⊆ ˝ and ˝n ⊆ ˝p · O when n >> 0. Hence,
it is sufficient to prove that the ˝p-adic topology of O induces in Op the ˝p-
adic topology. The conclusion follows applying the lemma of Artin–Rees to
the morphism of finite Op-modules Op ↪→ O.
Proposition 0.5. We have Op = lim←−nO/˝
np. Hence, Op is the smallest
closed k-subalgebra of O containing the pth power of all elements of O.
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Proof. Via the natural inclusion Op/˝r ∩ Op ↪→ O/˝r we have the
equality Op/˝r ∩ Op = O/˝rp. Therefore,
Op
0:4= lim←− O
p/˝r ∩ Op = lim←−O/˝
rp:
Let A be a k-algebra of finite type and I ⊂ A be an ideal. We denote by
Ip the ideal of Ap generated by the elements ap, where a ∈ I.
Lemma 0.6. The Ip-adic filtration of Ap is equivalent to the filtration
In ∩Ap induced by the I-adic filtration of A.
Proof. This is similar to 0.4.
Proposition 0.7. Let bA and cAp be the completion of A and Ap with
respect to the ideals I and Ip. Then we havecAp = bA p:
Proof. bA p 0:5= lim←− bA/In bAp = lim←−A/Inp = lim←−Ap/In ∩ Ap 0:6=
lim←−A
p/Ip
n = cAp.
Modules of Jets
Let us recall the definition of the modules of jets and some of their
properties. We refer the reader to EGA IV 16. or [7].
Let A be a k-algebra.
Definition 0.8. Let 1 be the kernel of the morphism A ⊗k A → A,
a⊗ b 7→ a · b. The module of jets of order r is defined to be
JrA/k = A⊗k A/1r+1
endowed with the A-module structure induced by the second factor of
A ⊗k A.
Proposition 0.9.
(1) Stability under base change: JrA/k ⊗k K = JrA⊗kK/K .
(2) Stability under localizations: JrA/kS = JrAS/k.
(3) If A is a k-algebra of finite type, then JrA/k is an A-module of finite
type.
(4) Let ˝ be the kernel of a morphism of k-algebras A→ k, then we
have
JrA/k ⊗A A/˝ = A/˝r+1:
differentially homogeneous schemes 283
In general if pix X → S is a morphism of schemes, then the OX-modules
of jets are defined to be JrOX/S = OX ⊗OS OX/1
r+1
X , where 1X is the kernel
of the morphism of sheaves OX ⊗OS OX → OX . If U and U ′ are open affine
subsets of X and S, respectively, such that piU ⊆ U ′, then we have
JrOX/SU = OXU ⊗OSU ′ OXU/1
r+1
X U;
where 1XU is the kernel of the morphism OXU ⊗OSU ′ OXU →
OXU.
Finally, if ˝ is an ideal of A and M is an A-module, then bM will denote
the ˝-adic completion of M . When A is a Noetherian ring, we have
bM/˝n bM =M/˝nM
(see EGA1 0.7.2.7. and Bourbaki III, Sect. 12, Corollary 2). Therefore, bM
is complete and separated with respect to the ˝-adic topology.
Proposition 0.10. When A is Noetherian we have
(a) bJrbA/k = bJrA/k and b1bA/k = b1A/k (see [8, 13.9]).
(b) If A/˝ = k then bJrbA/k ⊗A k a=bJrA/k ⊗A k = JrA/k ⊗A k 0:9=A/˝r+1.
1. DIFFERENTIALLY HOMOGENEOUS SCHEMES
General hypotheses. From now on; any scheme (or algebra) is as-
sumed to be locally Noetherian and any morphism of schemes is assumed
to be locally of finite type.
Definition 1.1. An S-scheme X is said to be differentially homoge-
neous if it is flat over S and JrX/S is a locally free coherent OX -module for
any r ≥ 0. That is to say, for any open affine subset Spec k ⊂ S and any
open affine subset SpecA ⊂ X over Spec k, the A-modules of jets JrA/k are
flat and of finite type.
If A is a k-algebra of finite type (or a localization of a k-algebra of
finite type), it is said to be differentially homogeneous when A is a flat
k-module and JrA/k is a flat A-module of finite type for any r ≥ 0.
Remark. This property is stable under base changes and localizations
(0.9) as well as by faithfully flat descent. Hence, X is a differentially homo-
geneous S-scheme when it is so locally on X and S.
Proposition 1.2. X is a differentially homogeneous S-scheme if and only
if X is a flat S-scheme and G1X = ⊕i1iX/1i+1X is a flat OX-algebra locally of
finite type.
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Proof. Using the exact sequences
0→ 1iX/1i+1X → JiX/S → Ji−1X/S → 0
it is easy to prove, by induction on n, that “JiX/S is a flat coherent OX -
module for i ≤ n ⇔ 1iX/1i+1X is a flat coherent OX -module for i ≤ n”. The
conclusion follows easily.
This proposition states that a flat S-scheme X is differentially homoge-
neous whenever X ×S X is normally flat along the diagonal.
Definition 1.3. pix X → S is said to be differentially homogeneous at
a point x ∈ X if OX;x is a differentially homogeneous OS;pix-algebra.
The following result is well known, but we do not know of any reference:
Proposition 1.4. Let A be a Noetherian ring and let B be an -graded
A-algebra of finite type. If M =Ln∈Mn is a graded finite B-module, then
U = x ∈ SpecA such that Mx is a flat A-module  is an open set in SpecA.
Proof. We have to show that U satisfies the two conditions of the topo-
logical criterion of Nagata:
(1) Stability under generalizations: x¯ ∩U 6= Z ⇒ x ∈ U .
(2) If x ∈ U , then x¯ ∩U is a neighbourhood of x in x¯.
Obviously U is stable under generalizations. Let us see that U satisfies
(2). Let x ∈ U and y ∈ x¯. Let —x be the ideal of A defined by x and set
A¯ = A/—x. Then we have:
My is a flat Ay-module ⇔ Mny is a flat Ay-module for any
n ∈  Nakayama⇔ TorA1 Mny; A¯ = 0 and Mny/—xMny is a flat A¯-module
for any n ∈ ⇔ TorA1 My; A¯ = 0 and My/—xMy is a flat A¯-module.
Now, TorA1 M; A¯x = TorA1 Mx; A¯ = 0, so that it is zero on a neighbour-
hood of x (because TorA1 M; A¯ is a B-module of finite type). Moreover,
M/—xM is a flat A¯-module over a neighbourhood of x in x¯ by the theorem
of generic flatness [4, 24.1]. The conclusion follows.
Theorem 1.5. Let X be an S-scheme of finite type. The set of points of
X where it is differentially homogeneous is an open set.
Proof. The set of points where X is differentially homogeneous is just
the set of points where X is flat over S, which is an open set [4, 24.2], and
G1X = ⊕i1iX/1i+1X is a flat OX-algebra of finite type, which is an open set
by 1.4.
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Now let O = kξ1; : : : ; ξn be a complete and separated k-algebra with
respect to the ideal ˝ = ξ1; : : : ; ξn. In [7], we defined O to be a dif-
ferentially homogeneous complete k-algebra when bJrO/k is a flat O-module
for any r ≥ 0. For example, if A is a differentially homogeneous k-algebra
and ˝ = ξ1; : : : ; ξn ⊂ A is an ideal such that A/˝ = k, then the ˝-adic
completion bA = kξ1; : : : ; ξn is a differentially homogeneous complete
k-algebra, because modules of jets commute with completions (0.10a). We
proved in [7] the following structure theorem:
Theorem 1.6. Let k be a ring with connected spectrum and let O =
kξ1; : : : ; ξn be a complete and separated k-algebra with respect to the
˝-adic topology, where ˝ = ξ1; : : : ; ξn and O/˝ = k. O is differentially
homogeneous if and only if there exists a faithfully flat base change k → K
such that
Ob⊗kK =
8><>:
Kx1; : : : ; xn if the characteristic of k is not prime.
Kx1; : : : ; xn/xp
e1
1 ; : : : ; x
per
r  if the characteristic of
k = p is prime.
(where Ob⊗K = lim←− O/˝n⊗k K). In the case of non-prime characteristic, k→
K is in fact a Zariski open cover.
Proposition 1.7. Let pix X → S be a morphism of finite type. If X is a
differentially homogeneous S-scheme, then pi is a complete intersection mor-
phism.
Proof. pi is a complete intersection morphism when it is flat and its fi-
bres over S are complete intersections (see [3, 19.3] for definitions and
properties). Moreover, differentially homogeneous schemes are stable un-
der base changes, so that we may assume that S = Spec k, where k is a
field. The properties of being differentially homogeneous and complete in-
tersections are local in X and both are stable under faithfully flat descent.
Hence, we may assume that X = SpecA, where A is a differentially ho-
mogeneous local k-algebra over an algebraically closed field. Finally, it is
sufficient to show that the completion bA of A, at the closed point of SpecA,
is a complete intersection. We have now, by the structure Theorem 1.6, that
bA =
8><>:
kx1; : : : ; xn if the characteristic of k is not prime.
kx1; : : : ; xn/xp
e1
1 ; : : : ; x
per
r  if the characteristic of
k = p is prime.
so that bA is clearly a complete intersection.
Note that, in particular, differentially homogeneous S-schemes are
Gorenstein and Cohen-Macaulay S-schemes.
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Proposition 1.8. Let A be a flat k-algebra of finite type. Then A is a
differentially homogeneous k-algebra if and only if dA⊗k A is a differentially
homogeneous complete A-algebra (where dA⊗k A denotes the completion of
A⊗k A with respect to the kernel 1 of the morphism A ⊗k A → A, a ⊗
b 7→ ab).
Proof. If A is a differentially homogeneous k-algebra, then A⊗k A is
a differentially homogeneous A-algebra, so that dA⊗k A is a differentially
homogeneous complete A-algebra. Conversely, if dA⊗k A is a differentially
homogeneous complete A-algebra, we may conclude that A is a differen-
tially homogeneous k-algebra by the following equalities:
bJr dA⊗kA/A ⊗ dA⊗kA A 0:10b= A⊗k A/1r+1 = JrA/k:
In the case of smooth schemes over an algebraically closed field, it is
a common technique to complete their local rings at closed points, since
these rings are rings of formal series. Given a differentially homogeneous
k-algebra, we prove some properties considering dA⊗k A and using the
structure Theorem 1.6.
2. DIFFERENTIALLY HOMOGENEOUS SCHEMES
AND pTH POWERS
A prime number p is said to be the characteristic of a scheme, S when
S is a /p-scheme.
Notation. Xpn will denote the S-scheme X;Op
n
X .
Proposition 2.1. Let X be a connected S-scheme of prime characteristic
p > 0. If 1X/S is a flat OX-module, then the morphism X → Xp is faithfully
flat, is finite, and has order pn, where n = rankOX 1X/S .
Proof. We may assume that S = Spec k andX = SpecA. Since 1A/Ap =
1A/k we may assume that A
p = k. Hence, we have to prove that A is a
flat k-algebra whenever Ap = k and 1A/k is a flat A-module. We may also
assume that k is local (hence so is A). Let da1; : : : ; dan be a basis of
1A/k. Note that a
p
i ∈ k, so that, after a flat base change, we may assume
that api has a pth root in k. Subtracting this pth root from ai, we may
assume that api = 0. It is now sufficient to prove that the morphism
ϕx R = kx1; : : : ; xn/xp1 ; : : : ; xpn  → A xi 7→ ai
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is an isomorphism. ϕ is surjective: It is sufficient to verify this on the fibres
over k. Hence we may assume that k is a field (even an algebraically closed
field). We have 1R/k ⊗R A = 1A/k. Therefore ϕ induces an isomorphism
between the Zariski tangent spaces of R and A, so that it is an epimor-
phism. ϕ is injective: Let px1; : : : ; xn be a polynomial of degree < p in
each variable, such that pa1; : : : ; an = 0. In particular dpa1; : : : ; an =P
i∂p/∂xia1; : : : ; andai = 0, so that ∂p/∂xia1; : : : ; an = 0 for any in-
dex i. Therefore, if aαxα is a monomial of maximal degree of px1; : : : ; xn,
then we have ∂αp/∂xαa1; : : : ; an = α1! · · ·αn!aα = 0, hence aα = 0
and px1; : : : ; xn = 0.
Note. A more general result may be found in [5, 2.1.1], where Pauer
studies the local structure of finite k-algebras A such that Ap
n = k and
1
Api /k
is a flat Ap
i
-module for any i ≥ 0. We shall prove below that these
are differentially homogeneous finite k-algebras.
Additional hypotheses. From now on, unless otherwise stated, the
characteristic of S is assumed to be a prime number p > 0 and X will be a
flat S-scheme.
Let us recall some results proved in [7]:
Proposition 2.2. Let k be a ring of prime characteristic p > 0 and let
O = kξ1; : : : ; ξn be a k-algebra complete and separated with respect to the
ideal ˝ = ξ1; : : : ; ξn. We have
(a) O is differentially homogeneous ⇔ b1
Opi /k
is a flat Op
i
-module for
any i ≥ 0.
In particular, if O is differentially homogeneous, then so is Op
i
.
(b) Let k→ K be a faithfully flat morphism. O is differentially homo-
geneous ⇔ Ob⊗kK is differentially homogeneous.
Proposition 2.3. If X is differentially homogeneous, then so is Xp.
Proof. We may assume that S = Spec k and X = SpecA. By 1.8,dA⊗k A is differentially homogeneous. Hence  dA⊗k Ap is differentially
homogeneous by 2.2(a).
Let 1Ap be the diagonal ideal in Ap ⊗k Ap and let 1p be the ideal
of A⊗k Ap = Ap ⊗k A generated by the elements cp, where c ∈ 1A ⊂
A ⊗k A. It is easy to verify that 1p = 1Ap ·Ap ⊗k A. Hence, we have
 dA⊗k Ap=0:7 dAp ⊗k A = dAp ⊗k Apb⊗ApA. Since Ap → A is faithfully
flat by 2.1, it follows from 2.2(b) that dAp ⊗k Ap is a differentially homoge-
neous complete Ap-algebra, so that Ap is differentially homogeneous.
Proposition 2.4. X is differentially homogeneous if and only if 1Xpi /S is
a flat OXpi -module for any i ≥ 0.
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Proof. The implication ⇒ follows directly from the above proposition.
For the converse, we may assume that S = Spec k and X = SpecA. We
have that b1 dA⊗kApi /A 0:10= b1A⊗kApi /A = d1Api /k ⊗k A
is a flat dApi ⊗k A-module for any i ≥ 0, because 1Api /k is a flat Api -module
for any i ≥ 0. Recall that  dA⊗k Api 0:7= dApi ⊗k A. By 2.2(a), dA⊗k A is
differentially homogeneous, and the conclusion follows by 1.8.
Corollary 2.5. If X is a differentially homogeneous S-scheme, then
X → Xpi is a differentially homogeneous finite morphism for any i ≥ 0.
Proof. By 2.3, Xpj is a differentially homogeneous S-scheme for any i ≥
0. By 2.1, X → Xpi is a faithfully flat morphism. Since 1Xpj /Xpi = 
1
Xpj /S
is a flat OXpj -module for any j ≥ 0, by 2.4 we conclude that X → Xpi is a
differentially homogeneous morphism.
Theorem 2.6. Let X be a connected differentially homogeneous S-scheme
of finite type.
(a) If the characteristic of X is not prime, then X is a smooth S-scheme.
(b) If the characteristic of X is a prime p, then Xpn is a smooth S-
scheme for n >> 0 and X → Xpn is a differentially homogeneous morphism.
Proof. We may assume that S = Spec k, and that X = SpecA is con-
nected.
(a) By 1.6 and 1.8 there exists a faithfully flat morphism A→ B (an
open covering for the Zariski topology) such thatdA⊗k B = dA⊗k Ab⊗AB = Bx1; : : : ; xn
(where dA⊗k B = lim←−nA ⊗k B/—n, and — denotes the kernel of the mor-phism A⊗k B→ B, a⊗ s 7→ as).
Therefore A is differentially smooth (EGA IV 16.10.3) and the con-
clusion follows from the equivalence between smooth morphisms and flat
differentially smooth morphisms (SGA 1 II remarque 4.18).
(b) By 1.8 and the structure Theorem 1.6, there exists a faith-
fully flat morphism A → B such that dA⊗k B = dA⊗k Ab⊗AB =
Bx1; : : : ; xn/xp
e1
1 ; : : : ; x
pem
m .
Let n = maxe1; : : : ; em. Since pth powers commute with flat base
changes and completions, we havedApn ⊗k B =  dA ⊗k Bpn = Bxpnm+1; : : : ; xpnn 
and the above argument shows that Ap
n
is a smooth k-algebra. Finally,
Ap
n → A is a differentially homogeneous morphism by 2.5.
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Lemma 2.7. Let A be a flat finite k-algebra with differentially homoge-
neous fibres. If Ap = k, then A is a differentially homogeneous k-algebra.
Proof. After a localization, we may assume that k is a local ring.
Note that SpecA = SpecAp = Spec k. Let ξ1; : : : ; ξn ∈ A such that
dξ1; : : : ; dξn is a minimal generating system of the A-module 1A/k. Let
us consider the morphism
ϕx B = kx1; : : : ; xn/xp1 − ξp1 ; : : : ; xpn − ξpn  → A; xi → ξi:
It is sufficient to prove that ϕ is an isomorphism. Since ϕ is a morphism
between free k-modules, we have to show that ϕ is an isomorphism between
the respective quotients by the maximal ideal of k. That is to say, we may
assume that k is a field. Moreover, after a faithfully flat base change we may
assume that k is algebraically closed. Now, ϕ is a morphism between differ-
entially homogeneous complete k-algebras such that the induced morphism
1B/k ⊗B A→ 1A/k is an isomorphism, so that ϕ induces an isomorphism
between the Zariski tangent spaces of B and A. Therefore ϕ is an epimor-
phism. By the structure Theorem 1.6, it is obvious that B and A both have
rank pn over k, which implies that ϕ is an isomorphism.
Proposition 2.8. X is a differentially homogeneous S-scheme ⇔. The
fibres of X over S are differentially homogeneous and X → Xpi is a faithfully
flat morphism for any i > 0.
Proof. ⇒) This follows from 2.5, since differentially homogeneous
schemes are stable under base changes.
⇐) We may assume that S = Spec k and X = SpecA. Note that
the fibres of any Ap
j
over k are differentially homogeneous by 0.2(b) and
2.3. Moreover, any morphism Ap
j+1 → Apj is faithfully flat because so
are the morphisms Ap
i → A. The fibres of the morphism Apj+1 → Apj
over Ap
j+1
are differentially homogeneous because, by 2.5, this morphism
is differentially homogeneous tensorializing by ⊗kkx, where kx is any
residual field of k. By the above lemma, Ap
j
is a differentially homogeneous
Ap
j+1
-algebra, so that 1
Ap
j
/k
= 1
Ap
j
/Ap
j+1 is a flat Ap
j
-module. By 2.4 we
may conclude that A is a differentially homogeneous k-algebra.
Remark. It is not true that a flat S-scheme X of finite type is differen-
tially homogeneous whenever its fibres are so over S: Let k = 2T /T 2.
Then A = kx/x2 − Tx is a flat k-algebra and the fibres of A over k
are differentially homogeneous, but A is not a differentially homogeneous
k-algebra, because the morphism A2 = kTx → A is not flat.
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3. LOCAL STRUCTURE THEOREM FOR
DIFFERENTIALLY HOMOGENEOUS SCHEMES
We shall now prove the local structure theorem for differentially homo-
geneous S-schemes.
Definition 3.1. Let f x X → Y be a morphism between differentially
homogeneous S-schemes. We denote the natural morphisms by fix Xpi →
Ypi . Also f is said to be a submersion if f
∗
i 
1
Ypi /S
is an OXpi -sub-bundle of
1Xpi /S for any i ≥ 0.
Lemma 3.2. If f x X → Y is a submersion between differentially homoge-
neous S-schemes then f is a differentially homogeneous morphism.
Proof. We may assume that S = Spec k, X = SpecB connected, and
Y = SpecA connected. We proceed by induction on the first n ∈  such
that Xpn and Ypn are smooth S-schemes. If n = 0, the lemma follows di-
rectly from [2, I 4.5]. If n > 0, by the induction hypothesis we have that
Ap→ Bp is a differentially homogeneous morphism.
By Proposition 2.1, the rank of Bp → B is pr , where r = rankB 1B/Bp =
rankB 
1
B/k. Let n = rankB 1B/k − rankA 1A/k = rankB 1B/A =
rankB 
1
B/A·Bp , again by 2.1, the morphism A · Bp ↪→ B is flat of
rank pn. Hence Bp → A · Bp is a flat morphism of rank ps, where
s = rankA 1A/k, which is the rank of the morphism Bp → A ⊗Ap Bp.
Therefore A · Bp = A ⊗Ap Bp, so that A · Bp is a differentially homo-
geneous A-algebra. In particular, A → B is a flat morphism, because so
are A → A · Bp and A · Bp → B. Moreover, by hypothesis 1B/A is a
flat B-module and remember that A · Bp is a differentially homogeneous
A-algebra, so that A→ B is differentially homogeneous by 2.4.
Lemma 3.3. If A is a differentially homogenous k-algebra then B =
Ax/xpn − b, where b ∈ Apn , is a differentially homogeneous k-algebra.
Proof. Obviously B is a flat A-algebra, hence it is a flat k-algebra. Now
we proceed by induction on n. If n = 0, then B = A and the conclu-
sion follows. If n > 0, then Bp = Apxp/xpn − b and, by the induc-
tion hypothesis, Bp is a differentially homogeneous k-algebra. Note that
1B/k = 1A/k ⊗A B⊕Bdx is a flat B-module, so that the conclusion follows
from 2.4.
Theorem 3.4. A morphism pix X → S locally of finite type is a differ-
entially homogeneous morphism ⇔ For any x ∈ X, there are affine open
neighbourhoods Ux = SpecA of x and U ′s = Spec k of s = pix, such that
piUx ⊆ U ′s, and there exists a chain B0 ⊂ B1 ⊂ · · · ⊂ Bn = A, where B0 is
a smooth k-algebra and Bi+1 = Bix/xpei − bi for some bi ∈ Bp
ei
i .
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That is to say, pi is a differentially homogeneous morphism if and only if
for any x ∈ X there are affine open neighbourhoods, Ux = SpecA of x and
U ′s = Spec k of s = pix, such that piUx ⊆ U ′s and
A = kx1; : : : ; xm; : : : ; xn/
(
P1x1; : : : ; xm; : : : ; Prx1; : : : ; xm;
x
pem+1
m+1 +Qm+1xp
em+1
1 ; : : : ; x
pem+1
m ; : : : ;
xp
en
n +Qnxp
en
1 ; : : : ; x
pen
n−1

;
where the ideal of A generated by the r × r-minors of the matrix ∂Pi/∂xj is
the unit ideal.
Proof. ⇒) Let Spec k and SpecA be affine neighbourhoods of x and
s such that piSpecA ⊆ Spec k. We know that Apr is a smooth k-algebra
for some r ≥ 0. Replacing Ux by a smaller neighbourhood if necessary,
we may assume the existence of some elements a1; : : : ; anr ∈ A such that
dapr1 ; : : : ; dap
r
nr  is a basis for 1Apr /k and da
pi
1 ; : : : ; da
pi
nr  is part of a basis
for 1
Api /k
, for any i < r. By Lemma 3.2, R = kx1; : : : ; xnr  → A, xi 7→ ai,
is a differentially homogeneous morphism.
Set B0 = R ·Apr . Then, by 2.3, B0 is a differentially homogeneous R-
algebra. Moreover, B0 is R-etale since it is a quotient of R⊗Rpr Apr , which
is R-etale since Ap
r
is Rp
r
-etale. In particular, B0 is a smooth k-algebra and
dx1; : : : ; dxnr is a basis for 1B0/k. Now note that B0 → A is a submersion.
Therefore, Bp
r
0 → Ap
r
is a differentially homogeneous morphism. Since it
is clearly etale and Ap
r
has purely inseparable fibres over Bp
r
0 we obtain
that Bp
r
0 = Ap
r
.
Thus we have a submersion B0 → A such that Bp
r
0 = Ap
r
. In this case,
replacing Ux by a smaller neighbourhood of x if necessary, we shall prove
the existence of the required chain B0 → B1 → · · · → Bn = A. We proceed
by induction on n = rankA 1A/B0 . If n = 0, then B0 → A is etale and
finite, and A has purely inseparable fibres over B0. Hence B0 = A and
the conclusion follows. If n > 0, we may assume that r is the least natural
number such that Bp
r
0 = Ap
r
. Therefore Bp
r−1
0 → Ap
r−1
is not etale and
there exists some b ∈ A such that dbpi is in a basis for 1
Api /B
pi
0
, where
0 ≤ i ≤ r − 1, replacing Ux by a smaller neighbourhood of x if necessary.
B1 = B0x/xpr − bpr  is a differentially homogeneous k-algebra by the
above lemma, since bp
r ∈ Apr = Bpr0 . The morphism B1 = B0x/xp
r −
bp
r  → A, x 7→ b is a submersion and rankA 1A/B1 = rankA 1A/B0 − 1.
By the induction hypothesis we obtain a chain B1 → B2 → · · · → Bn = A
such that B0 → B1 → · · · → Bn = A is the required chain.
⇐) This is a consequence of the above lemma.
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The second part of the theorem follows from [1, I Sect. 4.4], since, B0
being a smooth k-algebra, one has that
B0 = kx1; : : : ; xm/P1x1; : : : ; xm; : : : ; Prx1; : : : ; xm
replacing Ux and U ′s by smaller neighbourhoods if necessary, where the
ideal of B0 generated by the r × r-minors of ∂Pi/∂xj is the unit ideal.
Corollary 3.5. Let pix X → S be a surjective differentially homogeneous
morphism of finite type between Noetherian schemes. There exists a quasi-
finite surjective differentially homogeneous morphism ix S′ → S, where S′ is an
affine scheme, such that X ×S S′ → S′ has a section: i.e., there is a morphism
sx S′ → X such that pi ◦ s = i.
Proof. Let s ∈ S and x ∈ pi−1s ⊂ X be closed points. Let Ux = SpecA
and U ′s = Spec k be the corresponding affine neighbourhoods provided by
the above theorem. We may assume that the minor ∂Pi/∂xji; j≤r is invert-
ible at x, hence it is invertible on a neighbourhood of x and we may assume
that it is invertible on Ux. Let Pjx1; : : : ; xm = xj , where r < j ≤ m. Then
A′ = kx1; : : : ; xm; : : : ; xn/
(
P1x1; : : : ; xm; : : : ; Pmx1; : : : ; xm;
x
pem+1
m+1 +Qm+1xp
em+1
1 ; : : : ; x
pem+1
m ; : : : ;
xp
en
n +Qnxp
en
1 ; : : : ; x
pen
n−1

is a finite differentially homogeneous k-algebra by the above theorem.
We have obvious morphisms k → A → A′. Set U ′′s = SpecA′, then we
have morphisms U ′′s → Ux → U ′s. Continuing with this notation, let S′ =
U ′′s1
‘ · · ·‘U ′′sn , where U ′s1; : : : ; U ′sn is an open cover of S. The obvious mor-
phisms S′ → S and S′ → X satisfy the required conditions.
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